Kondo impurity on the honeycomb lattice at half-filling by Dell'Anna, Luca
ar
X
iv
:0
91
1.
12
55
v1
  [
co
nd
-m
at.
str
-el
]  
6 N
ov
 20
09
Kondo impurity on the honeycomb lattice at half-filling
Luca Dell’Anna
International School for Advanced Studies, SISSA, I-34014 Trieste, Italy
(Dated: December 5, 2018)
Abstract
We consider a Kondo-like impurity interacting with fermions on a honeycomb lattice at half-
filling, as in the case of graphene. We derive from the lattice model an effective one-dimensional
continuum theory which has, in general, four flavors with angular momentum mixing in the presence
of internode scattering processes and six couplings in the spin-isotropic case. Under particular
conditions, however, it can be reduced to a single-coupling multichannel pseudogap Kondo model.
We finally calculate, in the presence of an energy dependent Fermi velocity, induced by Coulomb
interaction, the critical coupling in the large-N expansion, the magnetic susceptibility and the
specific heat.
PACS numbers: 71.10.Fd; 72.15.Qm; 75.30.Hx; 71.10.Ay
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I. INTRODUCTION
Since the experimental realization of a single monolayer of graphite [1], named graphene,
a two dimensional crystal made of carbon atoms hexagonally packed, a lot of efforts have
been made to study many properties of electrons sitting on a honeycomb lattice [2]. Also the
problem of magnetic impurities in such a system has become a topic of recent investigations
in the last few years [3, 4, 5, 6, 7], although a detailed derivation of the effective model is
still lacking.
The main motivation of the present work is, therefore, that of deriving, from the lattice
Hamiltonian, the corresponding continuum model for the Kondo-like impurity, writing the
effective couplings from the lattice parameters. From angular mode expansion we get an
effective one-dimensional Kondo model which has, in general, four flavors and is peculiar
to graphene-like sublattice systems. Strikingly, we find that there is an angular momentum
mixing only in the presence of internode scattering processes, being the valleys and the
momenta locked in pairs, in each sublattice sector. The complete model has six couplings
in the spin-isotropic case, however, thanks to the lattice symmetry, for some particular
positions of the impurity, the number of couplings can be reduced to one, obtaining a
multichannel pseudogap Kondo model sharing, now, many similarities with other gapless
fermionic systems [8, 9, 10], as for example, some semiconductors [8], d-wave superconductors
[11] and flux phases [12].
A second issue which is worthwhile being addressed is related to interactions. In real
systems logarithmic corrections in the density of states may appears, as a result of many-
body effects. In order to include, at some extent, correlation effects we allow the Fermi
velocity to be energy dependent. Indeed for a system of electrons in the half-filled honeycomb
lattice, like graphene, an effect of Coulomb interaction is that of renormalizing the Fermi
velocity [13] which grows in the infrared limit. This behavior induces in the density of
states subleading logarithmic corrections. We plan therefore to analyze the effect of these
corrections onto the Kondo effect in order to see how finite coupling constant transition,
obtained within the large-N expansion technique [14] and renormalization group approach
[15, 16], can be affected by deviations from power law. We find that the critical Kondo
coupling becomes non-universal and is enhanced in the ultraviolet by a quantity directly
related to the Coulomb screening. Moreover, we find that the impurity contribution to the
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magnetic susceptibility and the specific heat vanish faster by log3 than in the free case, as
approaching zero magnetic field or zero temperature.
II. THE MODEL
In this section we will derive the continuum one-dimensional effective model from the
microscopic lattice Hamiltonian.
A. Lattice Hamiltonian
Let us consider a honeycomb lattice which can be divided into two sublattices, A and B.
The tight-binding vectors can be chosen as follows
δ1 =
a
2
(1,
√
3), (1)
δ2 =
a
2
(1,−
√
3), (2)
δ3 = a(−1, 0), (3)
where a is the smallest distance between two sites. These vectors link sites belonging to two
different triangular sublattices. Each sublattice is defined by linear combinations of other
two vectors, a
2
(3,
√
3) and a
2
(3,−√3). From these values one can derive the reciprocal-lattice
vectors in momentum space and draw the Brillouin zone which has an hexagonal shape, i.e.
with six corners. We choose two inequivalent corners (the others are obtained by a shift of
a reciprocal-lattice vector) at the positions
K =
4π
3
√
3a
(0, 1), (4)
K′ = −K. (5)
These points are actually the Fermi surface reduced to two dots approaching the zero chem-
ical potential, i.e. at half-filling.
We will consider the following Hamiltonian defined on this honeycomb lattice
H = H0 +HK . (6)
The first contribution is given by the tight-binding Hamiltonian
H0 = −t
∑
r δ σ
c†Aσ(r)cBσ(r+ δ) + h.c., (7)
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where t is the nearest neighbour hopping parameter, c†Aσ(r) (cAσ(r)) is the creation (anni-
hilation) operator for electrons with spin σ localized on the site r, a vector belonging to
the sublattice A, while c†Bσ(r+ δ) (cBσ(r+ δ)) the creation (annihilation) operator for elec-
trons on the site r + δ, belonging to the sublattice B. The second contribution to H is the
Kondo-like impurity term
HK =
∑
v
{
λv⊥
(
S+c
†
↑(v)c↓(v) + S−c
†
↓(v)c↑(v)
)
+ λvzSz
(
c†↑(v)c↑(v)− c†↓(v)c↓(v)
)}
, (8)
where λv⊥ and λvz are the short-range Kondo couplings, ~S (with S± = Sx± iSy) is the spin
of the impurity sitting at the reference position (0, 0), ~σ is the spin operator of the electrons
located at v from the impurity. v can belong to A or B and we sum over all these vectors.
B. Derivation of 1D effective model
We now rewrite the fields c in the following way
cAσ(r) ≃ eiK·rψ1Aσ(r) + e−iK·rψ2Aσ(r), (9)
cBσ(r+ δ) ≃ eiK·(r+δ)ψ1Bσ(r+ δ) + e−iK·(r+δ)ψ2Bσ(r+ δ), (10)
cσ(v) ≃ eiK·vψ1Lσ(v) + e−iK·vψ2Lσ(v), (11)
with L = A if v ∈ A, or L = B if v ∈ B. The upper indices, 1 and 2, label the Fermi points
Eqs. (4), (5). At these particular points we get the following equalities
∑
δ
e±iK·δ = 0, (12)
∑
δ
δ e±iK·δ = −3a
2
(1,∓i). (13)
Expanding the slow fields ψiL σ(r+ δ) around r, introducing the multispinor
ψ =
(
ψ1A ↑, ψ
1
B ↑, ψ
2
A ↑, ψ
2
B ↑, ψ
1
A ↓, ψ
1
B ↓, ψ
2
A ↓, ψ
2
B ↓
)t
, (14)
the identities σ0, τ0, γ0 and the Pauli matrices σi, τi and γi, i = 1, 2, 3, acting respectively
on the spin space, ↑↓, valley space, 1, 2, and sublattice space, A,B, we get, in the continuum
limit,
H0 = −ivF
∫
drψ†(r)σ0 (τ3γ1∂y − τ0γ2∂x)ψ(r), (15)
HK = ψ
†(0)
(
1
2
Jˆ⊥ (S+σ− + S−σ+) + JˆzSzσz
)
ψ(0), (16)
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where vF =
3at
2
is the Fermi velocity and
Jˆσ =
1
2
{(
JA0στ0 + J
A
1στ1 + J
A
2στ2
)
(γ0 + γ3) +
(
JB0στ0 + J
B
1στ1 + J
B
2στ2
)
(γ0 − γ3)
}
(17)
a Kondo coupling matrix with the following components, containing the lattice details,
JL0σ =
∑
v∈L
λvσ , (18)
JL1σ =
∑
v∈L
cos(2K · v)λvσ , (19)
JL2σ =
∑
v∈L
sin(2K · v)λvσ , (20)
where σ =⊥, z the spin index and L = A,B the sublattice index. Eq. (15) is a Dirac-
Weyl Hamiltonian, constant in spin-space, which, after defining ψ¯ = ψ†γ3, can be written
as vF
∫
dr ψ¯(r) (τ0γ1∂x + τ3γ2∂y)ψ(r) to make Lorentz invariance manifest. The spectrum
is made of a couple of Dirac cones departing from the two Fermi points, and the density
of states vanishes linearly approaching the zero energy, ρ(ǫ) = ν|ǫ|, where ν ∝ v−2F . This
property plays a fundamental role on the scaling behavior of the Kondo impurity, as we are
going to see. Let us rewrite the full effective Hamiltonian in momentum space,
H = vF
∫
dp
(2π)2
ψ†(p) p σ0 (τ3γ1 sin θp − τ0γ2 cos θp)ψ(p)
+
∫
dp
(2π)2
∫
dq
(2π)2
ψ†(q)
(
1
2
Jˆ⊥ (S+σ− + S−σ+) + JˆzSzσz
)
ψ(p), (21)
where we have parametrized the momenta as follows
px = p cos θp, (22)
py = p sin θp. (23)
For the benefits of forthcoming discussions we first notice that the orbital angular momentum
operator
L = −i(x∂y − y∂x) (24)
does not commute with the Hamiltonian H0 in Eq. (15). On the other hand, in order to
define proper total angular momenta we introduce the operator
J = L+ 1
2
τ3γ3, (25)
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which does commute with H0,
[J , H0] = 0, (26)
and also with the τ0-components of HK . In particular, given some amplitudes ψ
i
Lσm(p), an
eigenstate of J with eigenvalue j = (m+ 1
2
)
can be written as


eimθpψ1Aσm(p)
ei(m+1)θpψ1B σm(p)
ei(m+1)θpψ2Aσm(p)
eimθpψ2B σm(p)


. (27)
Performing the following unitary transformation
Up =
e
i
2
θpτ3
2
√
2
τ0
[
(1 + ie−iθpτ3)(γ0 − iγ2) + (1− ie−iθpτ3)(γ1 − γ3)
]
(28)
to the fields
ψ(p) = Up φ(p), (29)
the Hamiltonian Eq. (21) becomes
H = vF
∫
dp
(2π)2
φ†(p) p σ0τ0γ3 φ(p) (30)
+
∫
dp
(2π)2
∫
dq
(2π)2
φ†(q)
(
1
2
Kˆ⊥(θq, θp) (S+σ− + S−σ+) + Kˆz(θq, θp)Szσz
)
φ(p),
namely, H0 becomes diagonal, the cost to pay is that the Kondo couplings depends on the
angular part of the momenta,
Kˆσ(θq, θp) ≡ 1
2
{(
JA0σe
i
2
(θq−θp)τ3τ0 + J
A
1σe
i
2
(θq+θp)τ3τ1 + J
A
2σe
i
2
(θq+θp)τ3τ2
)
(γ0 − γ1)
+
(
JB0σe
i
2
(θp−θq)τ3τ0 + J
B
1σe
− i
2
(θq+θp)τ3τ1 + J
B
2σe
− i
2
(θq+θp)τ3τ2
)
(γ0 + γ1)
}
.(31)
Notice that the angular dependence of Kˆ does not prevent the model to be renormalizable.
As one can see by poor man’s scaling procedure [15, 16], being q the intermediate momen-
tum in the edge bands, dropping for the moment the spin indices, the contributions which
renormalize, for instance, JA0 in the particle channel are
JA0 J
A
0 e
i
2
(θp1−θq)τ3e
i
2
(θq−θp2)τ3 [...] = JA0 J
A
0 e
i
2
(θp1−θp2)τ3 [...], (32)
JAi J
A
i e
i
2
(θp1+θq)τ3τie
i
2
(θp2+θq)τ3τi[...] = J
A
i J
A
i e
i
2
(θp1−θp2)τ3 [...] (33)
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with i = 1, 2. In the same way we can check that the corrections to JAi , with i = 1, 2, are
JA0 J
A
i e
i
2
(θp1−θq)τ3e
i
2
(θq+θp2 )τ3τi[...] = J
A
0 J
A
i e
i
2
(θp1+θp2)τ3τi[...], (34)
JAi J
A
0 e
i
2
(θp1+θq)τ3τie
i
2
(θq−θp2 )τ3 [...] = JAi J
A
0 e
i
2
(θp1+θp2 )τ3τi[...]. (35)
Analogous corrections can be verified in the hole channel. In all these corrections θq always
cancels out, recovering the right momentum dependence for the slow modes.
From Eqs. (18-20) we actually get access to the renormalization of linear combinations of
the original lattice parameters λv.
In order to reduce the problem to one dimension we proceed expanding the fields φ(p)
in angular momentum eigenmodes as follows
φ(p) =
∞∑
m=∞
ei(m+
1
2
)θpφm(p), (36)
with m ∈ Z. Indeed, due to the gauge in Eq. (28), all the spinor components have the same
angular phase. Actually from Eq. (29), one verify that ei(m+
1
2
)θpφm(p) is the eigenvector of
J , Eq. (27), with eigenvalue j = m+ 1
2
, transformed by U−1p , and with amplitudes
φi±σm(p) =
1√
2
(
ψiB σm(p)∓ iψiA σm(p)
)
, (37)
where the subscript ± replaces the sublattice index and refers to the sign of the energy,
vFpγ3, appearing in Eq. (30). The original field at position r = (r, ϕ), can be written as
ψ(r, ϕ) =
∫
dp p
4
√
2π
∞∑
m=−∞
imeimϕ

 i [Jm+1(pr)eiϕγd + Jm(pr)γu]φ1m(p)
[Jm(pr)γd − Jm+1(pr)eiϕγu]φ2m(p)

 , (38)
where Jm(z) are the Bessel functions of the first kind, γd ≡ γ0 + γ1 − iγ2 − γ3 and γu ≡
γ0 − γ1 − iγ2 + γ3. At r = 0 the only terms which survive are those with m = 0,−1,
corresponding to j = ±1
2
, in terms of eigenvalues of J . After integrating Eq. (30) over
the angles, indeed, we get in the HK only contributions with m = 0,−1, in the following
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combinations
H =
∫ ∞
0
dp
vFp
2
2π
∑
i=1,2
∞∑
m=−∞
φi†m(p) σ0γ3 φ
i
m(p) +
1
2
∫ ∞
0
dp
2π
p
∫ ∞
0
dq
2π
q
{
JA0
[
φ1†0 (q)(~S · ~σ)(γ0 − γ1)φ10(p) + φ2†−1(q)(~S · ~σ)(γ0 − γ1)φ2−1(p)
]
+JA1
[
φ1†0 (q)(
~S · ~σ)(γ0 − γ1)φ2−1(p) + φ2†−1(q)(~S · ~σ)(γ0 − γ1)φ10(p)
]
−iJA2
[
φ1†0 (q)(~S · ~σ)(γ0 − γ1)φ2−1(p)− φ2†−1(q)(~S · ~σ)(γ0 − γ1)φ10(p)
]
+JB0
[
φ1†−1(q)(
~S · ~σ)(γ0 + γ1)φ1−1(p) + φ2†0 (q)(~S · ~σ)(γ0 + γ1)φ20(p)
]
+JB1
[
φ1†−1(q)(
~S · ~σ)(γ0 + γ1)φ20(p) + φ2†0 (q)(~S · ~σ)(γ0 + γ1)φ1−1(p)
]
−iJB2
[
φ1†−1(q)(
~S · ~σ)(γ0 + γ1)φ20(p)− φ2†0 (q)(~S · ~σ)(γ0 + γ1)φ1−1(p)
]}
, (39)
where now φim(p) are spinors only in spin and energy spaces. Here we are considering the
spin-isotropic case, with JLi ≡ JLi⊥ = JLiz, to simplify the notation. In the spin-anisotropic
case one simply has to replace JLi (
~S · ~σ) with JLi⊥(Sxσx + Syσy) + JLiz(Szσz). In the free
part of the effective model, H0, we keep only the contributions from the particles with
m = 0,−1, the only ones which can scatter with the impurity. We now unfold the momenta
from [0,+∞) to (−∞,+∞) by redefining the fields in the following way
ξis σ(p) ≡ [sign(p)]m+i
√
|p|φisign(p)σm(|p|), (40)
where, in order to label the fermions, we choose the index i in valley space and the index
s = sign
(
m+ 1
2
)
, the sign of the total angular momenta, eigenvalues of J , which are good
quantum numbers as soon as there is not internode scattering, i.e. JA1 = J
B
1 = J
A
2 = J
B
2 = 0.
Introducing for simplicity
JL± ≡ JL1 ± iJL2 =
∑
v∈L
e±i2K·vλv , (41)
we finally end up with the following one-dimensional effective Hamiltonian
H =
∫ ∞
−∞
dp
2π
E(p)
∑
s,σ,i
ξi†sσ(p) ξ
i
sσ(p) +
1
2
∫ ∞
−∞
dq
2π
∫ ∞
−∞
dp
2π
√
|q|
√
|p| (42)
~S ·
{
JA0
(
ξ1†+ (q)~σξ
1
+(p) + ξ
2†
− (q)~σξ
2
−(p)
)
+ JA− ξ
1†
+ (q)~σξ
2
−(p) + J
A
+ ξ
2†
− (q)~σξ
1
+(p)
+ JB0
(
ξ1†− (q)~σξ
1
−(p) + ξ
2†
+ (q)~σξ
2
+(p)
)
+ JB− ξ
1†
− (q)~σξ
2
+(p) + J
B
+ ξ
2†
+ (q)~σξ
1
−(p)
}
,
where, in the first term, the indices s = ±, i = 1, 2 and σ =↑, ↓, are summed, and the
dispersion relation is E(p) = vFp. The full model, Eq. (42), has six Kondo couplings, in the
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spin-isotropic case, which are independent for a generic position of the magnetic impurity
on the lattice. Moreover Eq. (42) exhibits an angular momentum mixing in the presence of
internode scattering amplitudes JA± and J
B
± , namely, when also the nodes are mixed. We
are not going to analyze the complete model in full generality but we shall consider only
particular cases physically relevant.
C. Some particular examples
a. Impurity on a site. If we consider an impurity on top of a site of the honeycomb
lattice, belonging to the sublattice A, for instance, and consider only the nearest neighbour
coupling between the impurity and the electrons located on this site, we have λv 6= 0 if
v = (0, 0) and assume λv = 0 for v 6= (0, 0). In this case we get
JA0 = J
A
1 = λ(0,0), (43)
JA2 = J
B
0 = J
B
1 = J
B
2 = 0. (44)
Introducing the symmetric combination for the fields
ζ = ξ1+ + ξ
2
− , (45)
the effective Hamiltonian Eq. (42) becomes simply
H =
∫ ∞
−∞
dp
2π
E(p)
∑
σ
ζ†σ(p)ζσ(p) +
JA0
2
∫∫ ∞
−∞
dq
2π
dp
2π
√
|qp| ~S · ζ†(q)~σζ(p), (46)
which is a single channel Kondo model.
b. Impurity by substitution. If we now consider an impurity sitting on a site of the
honeycomb lattice, let us say, belonging to the sublattice A, and consider only nearest
neighbour couplings between the impurity and the electrons, we have λv = 0 if v ∈ A while
λv = λδ1 = λδ2 = λδ3, if v = δi, i = 1, 2, 3, and λv = 0 for v > a. Noticing that
3∑
i=1
cos(2K · δi) =
3∑
i=1
sin(2K · δi) = 0, (47)
we get a remarkable reduction of the number of couplings given by Eqs. (18-20)
JA0 = J
A
1 = J
A
2 = J
B
1 = J
B
2 = 0. (48)
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Recalling the fields as follows
ζ1 = ξ
1
− , ζ2 = ξ
2
+ , (49)
the effective Hamiltonian Eq. (42) reduces to
H =
∫ ∞
−∞
dp
2π
E(p)
∑
σ, i
ζ†iσ(p)ζiσ(p) +
JB0
2
∫∫ ∞
−∞
dq
2π
dp
2π
√
|qp|
Nf∑
i=1
~S · ζ†i (q)~σζi(p), (50)
where the Nf = 2 flavors (the valleys and the momenta are locked in pairs) are decoupled
and we realize a two-channel Kondo model. The reduced model Eq. (50) is the same as that
found for flux phases [12].
c. Impurity at the center of the cell. Finally, let us consider an impurity at the center
of the honeycomb cell. In this case, using Eqs. (18-20) and Eq. (47), we have
JA0 = J
B
0 , (51)
JA1 = J
A
2 = J
B
1 = J
B
2 = 0. (52)
Enumerating the fields as follows, for instance,
ζ1 = ξ
1
+ , ζ2 = ξ
2
− , ζ3 = ξ
1
− , ζ4 = ξ
2
+ , (53)
we get the same Hamiltonian as in Eq. (50) with, now, Nf = 4 flavors, realizing, therefore,
a four-channel Kondo model, as in the case of d-wave superconductors [11].
III. LARGE-N EXPANSION AND THE ROLE OF COULOMB INTERACTION
In this section we solve the model Eq. (50) in the large-N approximation, where N is
the rank of the symmetry group of the impurity, which actually is equal to 2 for spin one-
half. Following the standard procedure [11, 14], within a path integral formalism, we write
~S = f †α~σαβfβ , introducing additional fermionic fields f , with the constraint Q = f
†
αfα, the
charge occupancy at the impurity site. In the Lagrangian, therefore, a Lagrange multiplier
ǫ0 is included to enforce such constraint, which is actually the impurity Fermi level. To
decouple the quartic fermionic term one introduces the Hubbard-Stratonovich fields Φi,
where i = 1, ...Nf , being Nf the number of flavors. For impurity by substitution Nf = 2,
as seen before. After integrating over the fermionic fields, ζ and f , we end up with the
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following effective free energy,
F =
N
π
∫
dǫ f(ǫ) δ(ǫ) +
∫
dτ

 N
JB0
Nf∑
i
|Φi(τ)|2 −Qǫ0

 , (54)
where f(ǫ) is the Fermi function and
δ(ǫ) = arctan
(
π|ǫ|∆/2
(ǫ− ǫ0)v2F + ǫ∆ ln(Λ/|ǫ|)
)
(55)
the phase shift, with ∆ =
∑
i |Φi(ǫ)|2/π, and Λ a positive ultraviolet cut-off which dictates
the limit of validity of the continuum Dirac-like model for the free Hamiltonian. For graphene
the typical value is Λ ∼ 2eV.
So far we have considered a model of free fermions hopping on a lattice and scattering
eventually with a magnetic impurity, but in order to get more realistic predictions we should
consider, at some extent, interaction effects. In order to do that, we let the Fermi velocity
be energy dependent, i.e. vF ≡ vF (ǫ).
This is not unrealistic since it has been shown [13] that, due to Coulomb screening in an
electronic system defined on the half-filled honeycomb lattice, as in the case of a monolayer of
graphene [17, 18], the effective Fermi velocity is renormalized in such a way that vF flows to
higher values in the infrared, and consequently the density of states around the Fermi energy
decreases. The low energy behavior for the renormalized velocity is vF ∼ ln(ǫ−1) and so the
density of states should behave naively as ρ ∼ ǫ v−2F ∼ ǫ/ ln(ǫ−1)2. The aim of the following
section is then to study the role of such corrections onto the Kondo effect, neglecting,
however, possible renormalization of the Kondo coupling due to Coulomb interaction. The
idea is to consider an uncharged magnetic impurity embedded in a cloud of charges dressed
by Coulomb interaction. The realistic expression for the Fermi velocity is the following [18]
vF (ǫ) = v (1 + η ln(Λ/|ǫ|)) , (56)
where η is related to the fine structure constant, for Thomas-Fermi screening it is η =
e2/4ε~v, being ε the dielectric constant, and v is an energy independent velocity.
A. Saddle point equations
From Eq. (54), the extremal values of ǫ0 and ∆, evaluated at zero energy in the static
approximation, satisfy the saddle point equations ∂F
∂ǫ0
= 0 and ∂F
∂∆
= 0, which can be written
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as follows [11, 12]
Q =
1
π
∫ D
−D
dǫ f(ǫ)
∂δ
∂ǫ0
(ǫ), (57)
− 1
JB0
=
1
π2
∫ D
−D
dǫ f(ǫ)
∂δ
∂∆
(ǫ), (58)
where D ≤ Λ is the bandwidth. The Eq. (57) dictates the relation between the singlet
amplitude ∆ ∼ ∑i〈|∑σ ζ†iσfσ|2〉 and the impurity level ǫ0, at fixed occupation charge Q,
and reads
Q =
∫ D
−D
dǫ
π
f(ǫ)
2πvF (ǫ)
2|ǫ|∆
(π|ǫ|∆)2 + 4(vF (ǫ)2(ǫ− ǫ0) + ǫ∆ ln(Λ/|ǫ|))2 . (59)
For T = 0 and for a generic value of Q, we get the following behavior for the impurity
level, ǫ0 ∼ Λ e
1
η
“
1+
∆(1+η ln(Λ/D))
2ηQv2(1+η ln(Λ/D))−∆
”
. In the non-interacting limit, formally, when η → 0,
it reduces to ǫ0 ∼ D e−2v2Q/∆, in agreement with Ref. [11]. Strikingly, the limit of ∆ → 0
is finite and equal to Λ e1/η, i.e. the two limits do not commute. This means that, in the
presence of Coulomb interaction, the occupation charge for an impurity level within the
bandwidth is finite only if the singlet is formed and Q ∼ ∆/2ηvvF (D). The energy scale
ǫ0 in Eq. (59) does not play the role of an infrared cut-off for ∆ → 0, and as a result, in
that limit, Q goes to zero for any value of ǫ0. This result is different from that found in the
free case [11] where the Fermi velocity is constant, vF (ǫ) = v. In the latter case ǫ0 vanishes,
approaching zero singlet amplitude, for any value of the occupation charge.
The second equation, Eq. (58), dropping the indices for simplicity, reads
1
J
=
∫ D
−D
dǫ
π
f(ǫ)
2vF (ǫ)
2|ǫ|(ǫ0 − ǫ)
(π|ǫ|∆)2 + 4(vF (ǫ)2(ǫ− ǫ0) + ǫ∆ ln(Λ/|ǫ|))2 . (60)
Setting ǫ0 = 0 and ∆ = 0 at T = 0, we get the following critical coupling
1
Jc
=
∫ D
0
dǫ
2π
1
vF (ǫ)2
=
D
2πη2v2
{
η
1 + η ln(Λ/D)
− Λ
D
e1/ηΓ[0, 1/η + ln(Λ/D)]
}
, (61)
where Γ[a, x] ≡ ∫∞
x
ta−1e−tdt is the Incomplete Gamma function. Sending η → 0 we recover
the standard result 1
Jc
= D
2πv2
[8].
At this point it is worthwhile making a digression. Contrary to the free case, where the
limit limD→0
v2
DJc
is trivially finite and equal to 1
2π
, in the interacting case, using Eq. (61),
this limit is zero. On the other hand, if we replace v with renormalized velocity vF (D), the
limit
lim
D→0
vF (D)
2
DJc
=
1
2π
(62)
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is finite and equal to the standard case. This is consistent with the fact that the dimension-
less parameter relevant in the Kondo effect is not the bare coupling J but the product ρJ
and that, in the presence of a renormalized Fermi velocity, Eq. (56), the density of states
is modified as ρ(ǫ) ∼ ǫ/vF (ǫ)2. In order to validate this result and to get more insights one
can address the problem from a renormalization group prospective, as we did in Appendix.
From Eq. (61) we find that the critical coupling Jcρ(D) is not universal, being an increasing
function of the ratio D/Λ, and is larger than the corresponding mean field result in the
non-interacting case for any positive D ≤ Λ.
To go beyond the tree level, one should consider quantum fluctuations, i.e. higher orders in
large-N expansion, which might spoil the critical point obtained in the mean field level, as in
the case of strictly power-law pseudogap Kondo systems [10], if the particle-hole symmetry
is preserved. In order to break particle-hole symmetry, however, one can include straightfor-
wardly a gate voltage in the model [5]. In any case the role of fluctuations, in the presence
of a logarithmic deviation from power-law in the density of states is still an open issue which
we are not going to address here.
B. Magnetic susceptibility and specific heat
d. Magnetic susceptibility. The magnetic field can be easily included in our final model
introducing a Zeeman term Hσ3. This term modifies the phase shift in the free energy,
Eq. (54), as δ(ǫ)→ 1
2
(δ(ǫ+H) + δ(ǫ−H)). We can, therefore, calculate the magnetization
M(T,H) = − ∂F
∂H
, (63)
and the magnetic susceptibility
χ(T,H) = − ∂
2F
∂H2
. (64)
For T → 0 and H ≪ ǫ0, we have the following magnetization
M(0, H) =
N
2π
[δ(−H)− δ(H)] ≃ N∆H
2
2ǫ20vF (H)
4
[
vF (H)
2 +∆ ln(Λ/H)
] ≃ N∆
2ǫ20v
2η2
H2
ln(Λ/H)2
.
(65)
The final result for the magnetization is valid only if H ≪ Λe−∆/(vη)2 . In the same limit the
asymptotic behavior of the magnetic susceptibility is, then, given by
χ(0, H) ≃ N∆
ǫ20v
2η2
H
ln(Λ/H)2
. (66)
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For Λe−∆/(ηv)
2 ≪ H ≪ ǫ0, instead, one gets χ(0, H) ≃ N∆2Hǫ20vF (H)4 ln(Λ/H), and for vF (H)→ v,
one recover the result for the non-interacting case [11].
For H → 0 and T ≪ ǫ0, Λe−∆/(ηv)2 , we have, instead, the following magnetic susceptibility
χ(T, 0) =
N
π
∫ ∞
−∞
dǫ
∂f
∂ǫ
∂δ
∂ǫ
≃ N∆T
2ǫ20
∫ ∞
−∞
dx
ex(ex − 1)
(1 + ex)3
|x|x
vF (T |x|)2 ≃
2 ln(2)N∆
ǫ20v
2η2
T
ln(Λ/T )2
,
(67)
which crosses over to χ(T, 0) = 2 ln(2)N∆
2
ǫ20vF (T )
4 T ln(Λ/T ), for Λe
−∆/(ηv)2 ≪ T ≪ ǫ0. In the
presence of Coulomb interaction, therefore, the magnetization and the susceptibility vanish
logarithmically faster, as approaching zero magnetic field or zero temperature, than in the
free pseudogap case. The overscreening effects pointed out in Ref. [11] is, then, enhanced
by a factor on the order ∆η
2
v2
[ln( Λ
min(T,H)
)]3, in the presence of a renormalized Fermi velocity
induced by the Coulomb screening.
e. Specific heat. Let us calculate now the impurity contribution to the specific heat,
defined as follows
C(T,H) = −T ∂F
∂T 2
. (68)
For H → 0 and T ≪ ǫ0, we have
C(T, 0) =
N
Tπ
∫ ∞
−∞
dǫ ǫ2
∂f
∂ǫ
∂δ
∂ǫ
≃ N∆T
2
2ǫ20
∫ ∞
−∞
dx
(
x2ex(ex − 1)
(1 + ex)3
− 2xe
x
(1 + ex)2
) |x|x
vF (T |x|)2
≃ 9ζ(3)N∆
ǫ20v
2η2
T 2
ln(Λ/T )2
, (69)
where ζ(3) ≈ 1.2 is the Riemann zeta function at 3. Also in this case we assume T ≪
Λe−∆/(ηv)
2
. For T larger than that energy scale, instead, C(T, 0) ≃ 9ζ(3)N∆2
ǫ20vF (T )
4 T
2ln(Λ/T ), and
for η → 0 one recover the non-interacting result [11].
For T → 0 and H ≪ ǫ0 we have, instead, the following behavior
C(T,H) =
N
2πT
∫ ∞
−∞
dǫ ǫ2
∂f
∂ǫ
(
∂δ
∂ǫ
(ǫ+H) +
∂δ
∂ǫ
(ǫ−H)
)
≃ −Tχ(0, H)
∫ ∞
−∞
dxx2
∂f
∂x
=
π2
3
Tχ(0, H), (70)
with χ(0, H) calculated before. Eq. (70) corresponds also to the asyptotic behavior of the
impurity entropy, −∂F/∂T , for T ≪ H . The specific heat, like the magnetic susceptibility,
vanishes logarithmically faster than in the case with constant Fermi velocity, approaching
zero magnetic field and zero temperature. However, the Wilson ratios C/(Tχ), both for
T ≪ H and for H ≪ T , are exactly the same as those found in Ref. [11].
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IV. SUMMARY AND CONCLUSIONS
We have derived the low-energy continuum limit of a Kondo-like impurity model defined
on a honeycomb lattice at half-filling.
By angular momentum eigenmode expansion we have obtained an effective one-
dimensional model with two colors and four flavors, two for each sublattice sector, Eq. (42).
The impurity effective Hamiltonian involves two angular momenta which are linked with
the two nodes. We have found, therefore, that the internode scattering contributions cor-
respond also to the angular momentum mixing terms. Quite in general, we have to deal
with six couplings in the spin-isotropic case, which are linear combinations of the original
lattice parameters, Eqs. (18-20). However, due to the underlying lattice symmetry, in tight-
binding approximation, the number of Kondo couplings can be reduced to one, for particular
impurity configurations.
We have finally calculate, both within large-N expansion technique and renormalization
group approach the mean field critical Kondo coupling which is increased by the presence
of a renormalized Fermi velocity driven by Coulomb interaction. From the calculation of
some thermodynamic quantities, we find, however, that even though the Kondo phase is
suppressed, at least in the mean field level, once the singlet is formed, Kondo screening
effects are enforced by the Coulomb charge screening.
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APPENDIX A: COMPARISON WITH RENORMALIZATION GROUP
Redefining the Kondo coupling as J ′ = Jρ
2πν
, with ν a constant factor, we are going to
consider the following generalized Kondo equation,
dJ ′
dℓ
=
d ln ρ
dℓ
J ′ + J ′
2
, (A1)
where ℓ = ln(D/ǫ) with ǫ ≥ 0, a positive defined energy parameter and ρ the density of
states, not yet defined. We shall be seeing that, quite in general, − limℓ→∞ d ln ρdℓ is the
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infrared point at criticality which may or may not be a fixed point. Solving Eq. (A1) and
requiring that J(D) ≡ Jo we obtain
J ′(ǫ) =
J ′o ρ(ǫ)
ρ(D)− J ′o
∫ D
ǫ
ρ(x)
x
dx
. (A2)
For positive coupling, i.e. antiferromagnetic Kondo model, we can define a critical point as
J ′c =
ρ(D)∫ D
0
ρ(x)
x
dx
, (A3)
and rewriting Eq. (A2) in terms of J ′c we have
J ′(ǫ) =
J ′o J
′
c ρ(ǫ)
(J ′c − J ′o)ρ(D) + J ′oJ ′c
∫ ǫ
0
ρ(x)
x
dx
. (A4)
From these result one can immediately see that, if J ′o < J
′
c then J
′(ǫ)→ 0 for ǫ→ 0 while if
J ′o > J
′
c then J
′(ǫ)→∞ at some low energy scale, called Kondo scale TK . In particular TK
(let us put the Boltzmann constant kB = 1) is defined, for J
′
o > J
′
c, by∫ TK
0
ρ(x)
x
dx = ρ(D)
(J ′o − J ′c)
J ′oJ
′
c
. (A5)
At J ′o = J
′
c the infrared limit is given by
lim
ǫ→0
J ′(ǫ)
∣∣∣
J ′o=J
′
c
= lim
ǫ→0
ρ(ǫ)∫ ǫ
0
ρ(x)
x
dx
= lim
ǫ→0
ǫ
ρ(ǫ)
dρ(ǫ)
dǫ
= − lim
ℓ→∞
d ln ρ
dℓ
, (A6)
where we have used the de l’Hoˆpital rule in the second equality.
Notice that we get really an unstable infrared fixed point from Eq. (A4) only for a special
functional form of the density, let us call it ρ¯, which is the solution of
ρ¯(ǫ) = J ′c
∫ ǫ
0
ρ¯(x)
x
, (A7)
which is ρ¯(ǫ) = νǫJ
′
c , i.e. a power law.
As an example, let us consider logarithmic deviation from power law of the following form
ρ(ǫ) = ν ǫr
[
ln
(
Λ
ǫ
)]α
, (A8)
such that for r = α = 0 we should get the standard Kondo result and for r 6= 0 and α = 0
we should recover the known results for gapless systems. Assuming the form given by Eq.
(A8) for the density of states, and using Eq. (A3) we get the following result for the critical
value
J ′c = r
α+1D
r
Λr
[
ln
(
Λ
D
)]α
Γ
[
1 + α, r ln
(
Λ
D
)] , (A9)
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which is not universal, dependent (increasingly for r > 0 and α < 0) on the ratio D/Λ.
From Eq. (A4) we have the following expression for the coupling
J ′(ǫ) =
rα+1J ′o J
′
c ρ(ǫ)
rα+1(J ′c − J ′o)ρ(D) + νJ ′oJ ′cΛrΓ
[
1 + α, r ln
(
Λ
ǫ
)] . (A10)
For J ′o smaller than J
′
c it flows to zero, while for J
′
o greater than J
′
c it diverges approaching
the following Kondo scale, calculated from Eq. (A5),
TK ≃ r α+1r ρ(D)1/r (J
′
o − J ′c)1/r
(ν J ′oJ
′
c)
1/r
{
ln
[
Λrν J ′oJ
′
c
rρ(D)(J ′o − J ′c)
]}−α/r
. (A11)
From Eq. (A10) and using the fact that limǫ→0
ρ(ǫ)
Γ[1+α,r ln(Λǫ )]
= ν Λrr−α or, equivalently, using
Eq. (A6) for ρ given by Eq. (A8), we obtain that the infrared limit right at the critical
point (i.e. at J ′o = J
′
c) is limǫ→0 J
′(ǫ)
∣∣∣
J ′o=J
′
c
= r, which is the same as without logarithmic
corrections. We see that this result does not match with J ′c given by Eq. (A9), except for
α = 0, since, in this case, Γ
[
1, r ln
(
Λ
D
)]
= D
r
Λr
, and we recover the known result J ′c = r which
is then an unstable fixed point.
Motivated by a physically relevant example [17, 18], we now use a more realistic density
of states induced by the renormalized Fermi velocity Eq. (56), which then reads
ρ(ǫ) =
νǫ
(1 + η ln(Λ/ǫ))2
(
1 +
η
1 + η ln(Λ/ǫ)
)
. (A12)
Notice that in the infrared limit Eq. (A12) reduces to Eq. (A8) with r = 1, α = −2 and
ν → ν/η2. Using Eq. (A12) in Eq. (A3) we get the following non-universal critical Kondo
coupling
J ′c =
2η2v ρ(D)
ηvF (D)ρ(D)− vνe1/ηΛΓ[0, 1/η + log(Λ/D)] , (A13)
which is almost equal to Eq. (61), after rescaling. It becomes exactly the same if we approx-
imate Eq. (A12) with ρ(ǫ) = νǫ
(1+η ln(Λ/ǫ))2
, i.e. neglecting the second term.
For η → 0, in the non-interacting limit, we recover J ′c = 1. Also in the infrared limit
D → 0 we get J ′c = 1. Moreover, for D going to zero Eq. (A13) approaches Eq. (A9) with
r = 1 and α = −2, which does not depends on η. On the other hand, for D → Λ we have
J ′c =
2η2(1+η)
η+η2−e1/ηΓ[0,1/η]
, and for small η we get
J ′c ≃ 1 + 2η. (A14)
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Namely, for D . Λ, in order to enter the Kondo regime, one needs a starting coupling
which exceeds the critical coupling, obtained in the non-interacting case, by approximately
an amount directly related to the Thomas-Fermi screening length.
[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos, I. V.
Grigorieva, A. A. Firsov, Science, 306, 666 (2005).
[2] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim, Rev. Mod.
Phys. 81, 109 (2009).
[3] S. Saremi, P. A. Lee, Phys. Rev. B, 75, 165110 (2007).
[4] M. Hentschel, F. Guinea, Phys. Rev. B, 76, 115407 (2007).
[5] K. Sengupta, G. Baskaran, Phys. Rev. B, 77, 045417 (2008).
[6] B. Uchoa, V. N. Kotov, N. M. R. Peres, A. H. Castro Neto, Phys. Rev. Lett. 101, 026805
(2008).
[7] P. S. Cornaglia, G. Usaj, C. A. Balseiro, Phys. Rev. Lett. 102, 046801 (2009).
[8] D. Withoff, E. Fradkin, Phys. Rev. Lett. 64, 1835 (1990).
[9] K. Ingersent, Phys. Rev. B, 54, 11936 (1996).
[10] C. Gonzalez-Buxton, K. Ingersent, Phys. Rev. B 57, 14254 (1998).
[11] C. R. Cassanello, E. Fradkin, Phys. Rev. B 56, 11246 (1997).
[12] C. R. Cassanello, E. Fradkin, Phys. Rev. B 53, 15079 (1996).
[13] J. Gonzalez, F. Guinea, M. A. H. Vozmediano, Nucl. Phys. B 424, 595 (1994).
[14] N. Read, C. J. Newns, J. Phys. C 16, 3273 (1983).
[15] P.W. Anderson, J. Phys. C: Solid St. Phys. 3, 2436 (1970).
[16] A. C. Hewson, The Kondo problem to heavy fermions (Cambridge University Press, 1993).
[17] J. Gonzalez, F. Guinea, M. A. H. Vozmediano, Phys. Rev. B 59, R2474 (1999).
[18] M. Polini, R. Asgari, Y. Barlas, T. Pereg-Barnea, and A.H. MacDonald, Solid State Commun.
143, 58 (2007).
18
